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Abstract – In terms of quantity, renewable energy sources can 
fully satisfy the needs of mankind. But, as is known, they, along 
with power converters, degrade the inertia constant of the power 
system and complicate the operation of the power system 
automation. To resist this, existing generators should be remodeled 
by somehow increasing their inertia or by installing non-load 
generators (quasi-generators) or by applying synthetic sources of 
inertia. The increase in the angle δ of the synchronous generators 
from a smoothly sloping change in the load, which is provided by 
the quasi-generators, is several times less than from an abrupt 
change of the load with the same value and duration. The 
counteraction to a decrease of inertia is most effective when it is 
carried out directly at the site of the disturbance, i.e., where abrupt 
power changes occur. Inertia constant of synchronous machines  
differs less when the dimensions of the machines with greater rated 
power are more compressed in the axial direction. 

Key words – increase of angle δ; curve of  transmitted power; 
rotational inertia; relay protection; power surge; synthetic inertia 

I. INTRODUCTION 

 Potential of renewable energy is sufficient to meet human 
needs. Reference [1] assess solar energy to be 6000 –  7000 
times more than the current consumption of energy. But it is 
necessary to find measures to get around the two difficulties 
inherent in renewable energy sources. They are: a) variability of 
renewable power over time, b) the adverse impact on ac 
generators. To adapt to variability of renewable energy of wind 
and sun, was necessary from the very beginning of their use [2]. 
Along with advent of fickle renewable energy, it is necessary to 
complicate the automation of power systems and find more 
sophisticated solutions  [3], [4]. 

Lack of inertia now makes itself felt loudly. It leads to an 
increase in the rotor angles of synchronous generators  and 
negatively affects the operation of power system automation [5], 
[6]. This disadvantage appears not only due to renewable 
sources, but also with the use of converters which enable the 
operation of DC energy transmission. Deteriorating operating 
conditions in automation contribute to new solutions  [7], [8]. 

In case of accidents, the rotors of synchronous generators 
receive unusually large oscillations. To counteract this, new 
methods of load shedding are proposed [9]. But in any case, the 
automation works more successfully if the angle changes less. 

In the post-fuel era, the classical synchronous generators will 

run on renewable fuel. And it is necessary to look for measures 
to reduce their disturbance, to study how to stabilize the work of 
synchronous machines at sudden changes in their load. 

Attention is paid to this issue in [10]. Pulses are fed to the 
generator input, one of which compensates for the disturbance 
from the network, and the second eliminates the harmful action 
of the first pulse. In [11], to suppress the low frequency 
oscillations in power system, stabilizers (PSS) are used. The 
authors of [12] connect a semiconductor device in parallel with 
a synchronous generator to suppress oscillations. All 
counteractions are directed at a specific machine - the receiver 
of the disturbance. But it is possible to protect all generators 
when dealing with a source of disturbance. 

The goal is to: a) determine how a synchronous machine  and, 
in more detail, a quasi-generator attenuate the effect of a sudden 
power imbalance, to find where it is more useful to install the 
quasi-generator; b) to reveal the influence of the design of 
synchronous generators on their time constant. 

In section II,  three disturbances in the power system are 
modelled. 

In section III, the behavior of the generator with mitigated 
load changes is studied. 

Time constants of the generators are considered in section IV. 
Conclusions are expounded in section V.  

SI units and conventional units are used (unless otherwise 
indicated). Angles are shown in radians. 

II. THREE CASES OF IMPACT ON THE GENERATOR 

For the correct operation of a power system automation, it is 
necessary [13], [14] that the inertia constant of the system 𝐻  be 
sufficient, which after [13] is 

  𝐻 = (∑ 𝑆 𝐻 )/𝑆  , 𝑆 = ∑ 𝑆 ,     (1) 

where 𝑆  is rated power of the kth generator, 𝐻   is inertia 
constant of this generator. 

The relationship between inertia constant 𝐻  and inertia 
moment 𝐽  of the generator [15] is 

       𝐻 = 𝐽 𝜔 /(2𝑆 ),  𝐽 = 2𝐻 𝑆 /𝜔 ,           (2) 

where 𝐽  is inertia moment of kth generator, 𝜔  is nominal 
angular velocity. 

Swing equation [16] is original expression considering the 
processes in synchronous machines. It allows you to convert 
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excess power Δ𝑃  into a change in angle δ between rotor and 
stator magnetic fields: 

              Δ𝑃 = 𝑃 − 𝑃 = ,         (3) 

where 𝑃  is turbine power, 𝑃  – electrical output power, 𝐽  –
inertia moment, 𝜔 – angular velocity,  𝛿- angular position of the 
rotor with respect to a stationary axis (stator), t – time. 
To continue study using the program Excel, (3) must be 
rewritten: 

     𝛥𝑃 = 𝐽𝜔𝛥𝜔/𝛥𝑡;  𝛥𝜔 = 𝛥𝑃𝛥𝑡/(𝐽𝜔) .     (4) 

This expression is highlighted in bold in the bundle of formulas 
(6) which are written for number 𝑖 of the time interval. 

The first case of disturbance is 𝑷(𝜹) disturbance –  the work 
of a generator moves to another curve as a result of 
perturbations in a system. The case shows the equations for 
modelling path, it is illustrated in Fig. 1a. 

The given quantities for 𝑃(𝛿)  disturbances are as follows: 
cycle number 𝑖; number of cycles 𝐼; 𝐽 is inertia moment; Δ𝑡 –  
time increment for next cycle; 𝑃  – maximum power of 𝑃(𝛿) 
characteristic before disturbance; 𝑃  – turbine power; Δ 𝑃  – 
change in power consumption from the generator due to a 
disturbance on a line; 𝐾 – loss factor in a generator.  

 
 
 
 
 
 
 

Maximum power 𝑃  of  𝑃(𝛿)  characteristic after disturbance 
which can be calculated from the change in power Δ 𝑃  or 
determined in another way: 

     𝑃 = 𝑃 (1 − ).          (5) 

The remaining quantities defined for each cycle 𝑖 are: 𝑎  –  
power decrement from initial power change 𝛥𝑃, ð𝑃  – power 
change minus power decrement, 𝜔  – angular velocity, ԃ𝑃  – 
power change ð𝑃  minus losses in the generator, ð𝜔  – 
increment of angular velocity, 𝛥𝜔  – change of angular velocity, 
𝛥𝛿  – change of the angle, 𝛿′  – angle 𝛿 if it is assumed that the 
process begins at  the beginning of cycle 𝑖, 𝛿  - angle 𝛿 if 
assumed that the process begins somewhere between cycle 𝑖 − 1 
and 𝑖. They are defined so: 

 𝑎 = 𝑃 (sinδ − 𝑃 /𝑃 ); ð𝑃 = Δ𝑃 − 𝑎 ; 

 ω = 𝜔 + ð𝜔 ; ԃ𝑃 = ð𝑃 − 𝐾|ð𝑃 |^1.5 𝑠𝑖𝑔𝑛(ð𝑃 ); 

 ð𝛚𝒊 = ԃ𝑷𝒊𝜟𝒕/(𝑱𝛚𝒊); Δωi= Δω + ðω ; Δδ = Δω Δt; 

 δ′ = 𝛿′ + Δδ ; 𝛿 = (𝛿′ + δ′ )/2.   (6) 

Zero cycle data are 

𝑎 = ð𝑃 = 0; ω = 314,16; ԃ𝑃 = ð𝛚𝟎 = Δω = Δδ =

0; δ′ = arcsin ( ); δ = δ′ .           (7) 

The Δ𝑷 disturbance of a generator is depicted in (Fig. 1b). 
The load of the generator suddenly changes by value ΔP. The 
given quantities are the same as in 𝑃(𝛿) disturbance (may be 
other values). 𝑃  is not necessary to define. The decrement 𝑎  is 
defined in another way: 

     𝑎 = (𝑃 𝑠𝑖𝑛δ − 𝑃 ) + 𝑃 𝑎 Δω .      (8) 

The first term (in brackets) is accelerating the rotor, the second 
takes into account the regulating effect [17] of the load. The 
regulating effect plays a weak role. To simplify consideration, in 
𝑃(δ) disturbance it is not used. Average value of the effect 𝑎 ≈

= 2,25. Hereof 

 𝑎 = (𝑃 𝑠𝑖𝑛𝛿 − 𝑃 ) + 2.25𝑃 Δ𝜔 /ω  .   (9) 

The rest of calculated quantities are determined in the same way 
as in (6) and zero cycle data – as in (7). 

Modelling the 𝚫𝑷𝟎 disturbance of synchronous compensator  
or other quasi-generator is shown in Fig. 1c. The given 
quantities are the same as in 𝑃(δ) disturbance (may be other 
values) except for the turbine power because the turbine is not 
there. The calculated quantities are the same as in (6) except for:  

      𝑎 = 𝑃 𝑠𝑖𝑛𝛿′ ; 𝛿 = 𝛿′ .            (10) 

Zero cycle data are 

 𝛥𝑃 = 𝑎 = ð𝑃 = 0; 𝜔 = 314,16; ԃ𝑃 = ð𝛚𝟎 = Δω =   
       Δδ = δ′ = 𝛿 = 0.        
                              (11) 
Unused for rotor acceleration power 𝑎  passes quasi-generator 
and goes on to the network. 

Fig. 1. Disturbances of synchronous machines 
a - 𝑃(δ) disturbance; b - Δ𝑃 disturbance of a generator 

c - Δ𝑃 disturbance of a quasi-generator. 
Subscript 2 denotes the second cycle. 
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Angles δ versus cycle numbers (cycle numbers represent time 
𝑡) are shown in Fig. 2a for 𝑃(δ) disturbance, in Fig. 2 b, c – for 
Δ𝑃  and Δ𝑃  disturbance. The angles δ in all three cases change 
along a curve close to a sinusoid. Its highs are more dulled than 
lows. This is expressed the brighter, the closer power swings are 
to the maximum of 𝑃(δ) curve. With the introduction of loss 
factor 𝐾 , the oscillation swing decreases, and the oscillation 
period increases. This corresponds to processes in an electrical 
circuit with losses  [18], [19]. 

In Fig. 2 number of cycles 𝐼 = 100, time increment 𝛥𝑡 is in 
seconds, angles – in radians, other input data – in conventional 
units; they are: for disturbance 𝑃(𝛿): 𝐽=1E-5; Δ𝑡 = 0.003; 𝑃 =
100; 𝑃 = 40; Δ𝑃 = 20; for disturbance Δ𝑃: 𝐽=6.7E-5; Δ𝑡 =
0.0045 ; 𝑃 = 100 ; 𝑃 = 40; Δ𝑃 = 20 ; for disturbance 𝛥𝑃  : 
𝐽=1E-5; Δ𝑡 = 0.0015; 𝑃 = 100; Δ𝑃 = 20. Loss arising with 
oscilations was introduced near the middle of the simulation 
with the loss factor 𝐾 = 0.1. 

Conventional units make it easy to see the correlation of input 
data. To convert them into named values, you need to use the 
conversion coefficient 𝐾 : 

        𝐾 = 𝑃 /𝑃∗ ,             (12)      

where 𝑃∗  is the rated power of the generator in named units 
but 𝑃  – in conventional units. It is convenient to take 𝑃 =
100 . The angles (in radians) remain the same when the 
conventional units  is equal to the named units  multiplied by 
conversion coefficient 𝐾 (see (12) and below), this is 
abbreviated by concise expression (13): 

 
  (𝐽 ;  𝑃 ;  Δ𝑃) = 𝐽∗ ;  𝑃∗;  Δ𝑃∗ 𝐾 .              (13) 

   
     Fig. 2. Simulation of disturbances of synchronous machines 
a - P(δ) disturbance; b – ΔP disturbance; c – ΔP0 disturbance. 

III. IMPACT OF DISTURBANCE SOURCES 
ON  SYNCHRONOUS MACHINES 

Changing the regime of any component of the power system 
affects other components of it. This is especially true for power 
transmission equipment (power lines, transformers), power 
sources and loads. The primary role here is played by the nature 
of the regime change. The most dangerous is a sudden impact 
which continues some time longer than would be admissible. 
Sudden power change further will be called step power change. 
Apart from the usual culprits, now renewable energy sources 
(RES) and DC converters are making themselves felt [20]. 
Every source of disturbance affects all generators. 

The behavior of the rotating machines at step power change 
Δ𝑃 is discussed in section II (Fig. 1 and 2). But how it is if the 
disturbance location gives the same power change Δ𝑃 but this 
Δ𝑃 (in Fig. 3 it is ĐP) smoothly varies stretched in time (Fig 
3b,c). The increase đδ of the angle δ (see Fig. 3) is of interest. 

When the generator is affected by a step power change  Δ𝑃 =
𝑓 (0) ( as it was made in section 2)  then the response 𝑓 (𝑡) =
đδ(𝑡) at time t to a given impact 𝑓 (0) is 

 𝑓 (𝑡) = 𝑓 (0)ℎ(𝑡) = 𝑓 (0) ∫ ℎ(𝑡 − 𝑥)𝑑𝑥.             (14) 

In (14)  function 𝑓 (0) is unit function and quantity ℎ(𝑡 − 𝑥) 
is unit impulse response function, in other words, response 
function per unit of ΔP.  
If, instead of 𝑓 (0) = 𝛥𝑃, we have changing in time 𝑓 (𝑡) then 
the desired function 𝑓 (𝑡) ( it is đδ in Fig.3) will be 

       𝑓 (𝑡) = ∫ 𝑑𝑓 (𝑥)ℎ(𝑡 − 𝑥) = ∫ 𝑓 ′(𝑥)ℎ(𝑡 − 𝑥)𝑑𝑥.      (15) 

 

 
 
Fig. 3. The impact đP (left) on the generator and corresponding change  đδ 

(right) of the rotor angle versus cycle number i 
a - đPu is step change; b - đPl linearly grows; c - đPq is the impact from quasi-
generator. 
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The quantities 𝑓 (𝑡) are based on swing equation (3), i. e. on the 
second derivative of the angle δ in time and, for 𝑡 = 0,  Δ𝜔 =

= 0. This satisfies the requirements for the existence of the 

function 𝑓 (𝑡). 
This expression is known as convolution of two functions [21]: 
𝑓 (𝑡)  and  ℎ(𝑡) . There exists a computerized program for 
convolution. Here the problem is solved using convolution but 
in other way. 

Modeling the angle đδ (Fig. 3), the  cycle number I and 𝑖 is 
used instead of variables 𝑡 and x. The sequence of angles đ𝛿(𝑖) 
(𝑖 = 0, … , 𝐼) can be found by (17) using angles δ determined for 
disturbance 𝑓 (0) = Δ𝑃 (see (6) and Fig. 2 in section II). Angles 
δ are used for determination of design angle ɖ δ: 

         ɖ δ=δ-δ .               (16) 

Simulating by Excel, we have the expressions for cycle i: 

ĥ = ɖ𝛿 /𝛥𝑃; ħ(𝑖) = ĥ ; ð𝛿 =  ħ(𝑖)đ𝑃 ; đ𝑃 =𝑎 − 𝑎 ; 

    đδ =SUM(ð𝛿 : ð𝛿 ); Ðδ = SUM(ð𝛿 : ð𝛿 ),         (17) 

where ĥ  is initial quantitity for unit impulse response function; 
ħ(𝑖) is unit impulse response function; ð𝛿  is increment of angle 
δ; đ𝑃  is power drop; đδ  and Ðδ – see Fig. 3. 

In Fig. 3, the generator has number of cycles 𝐼 = 20, inertia 
moment 𝐽 = 0.02637, time increment 𝛥𝑡 = 0.025, rated power 
𝑃 = 100, turbine power 𝑃 = 40, power change Δ𝑃=20. 
Quasi-generator has 𝐼 = 20, 𝐽 = 0.00822 , Δ𝑡 = 0.025 , 𝑃 =

30, Δ𝑃=20. The signal from the quasi-generator acts weaker 
than linear increase of power which can be seen at cases b and c 
in Fig. 3. The introduction of losses in quasi-generator enhances 
its effect. In case b avail factor κ (see (18)) without loss is 𝜅 =
4.88; with loss factor 𝐾 = 0.1, it is 𝜅 = 7.28. 

Fig. 3 and Table I show that the quasi-generator significantly 
weakens the effect of a step power change. The value of 
weakening by quasi-generator is assessed by an avail factor κ: 

        κ = Ð𝛿 /Ð𝛿 ,            (18) 

where Ð𝛿  is angle change from step power change Δ𝑃, Ð𝛿  – 
the same mitigated by quasi-generator. 
The generator in Table I for all N=1 … 14 cases has 𝐽 =
0.0158, 𝑃 = 100, other data are in the Table I, δ=𝛿 + Đ𝛿 . 

The quasi-generator for all cases of the Table I has quantities: 
𝐼, Δ𝑡, Δ𝑃  the same as the generator but 𝑃 = 30; for cases 1 - 
12  𝐽 = 0.0158; for cases 13, 14   𝐽 = 0.1, this inertia moment  
𝐽  change increases factor 𝜅 significantly. All values except time 
increment (in s) and angles (in rad) are in conventional units. 

Based on this simulation, it can be argued that the power of 
the quasi-generator should be close to the power of a possible 
disturbance. But this is still under discussion, because with a 
decrease in the power rating of quasi-generator, 𝑥  (Fig. 4) of 
the quasi-generator grows and more power change a passes by 
the generator and goes to the network. 

 
  

 

 
However since the generator is located on the territory where 

the disturbance appears, yet the most share of the impact goes to 
the quasi-generator, and the fraction that passes the quasi-
generator is determined not only by the reactance 𝑥  of the 
quasi-generator but by the reactances of the outgoing lines (Fig. 
4). So the compromise related to the rated power of a quasi-
generator  should be found. 
    One disturbance source can act on several generators and if 
you protect each of them by separate quasi-generator instead of 
dealing with the source, then it will require more resources, 
since several devices cost more than one of the same total 
power. 

Installing a quasi-generator where it consumes more 
disturbing energy, we increase not only the time constant 𝐻 
according to (1) but protect more of generators as well.  

Table II shows the segment (𝑖 = 9, 10) calculating the curve 
δ-δ  with the initial data [22] (𝑆∗ = 1.412 MW, 𝐻∗ = 7.8 𝑠, 𝐽∗ -  
by (2)) in named and conventional units. The sought value 
coincides when conditions (12), (13), and (19) are satisfied: 

 
      (ĥ; ħ)=(ĥ∗;  ħ∗)/𝐾 .             (19) 
 

 

~ 

xd 

Q 

G 

~ 

ΔP 
z 

Fig. 4. Explanatory diagram 
G, Q are generator and quasi-generator; xd, z – impedances; ΔP –
source of disturbance. 
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Simulating the quasi-generator, the Δ 𝑡  and Δ 𝑃  should be 
equal to those of a generator; its rated power 𝑃  should be taken 
closer to the possible power of the disturbance Δ𝑃 . But this 
must be done taking into account the increase of quasi-generator 
impedance 𝑥  and other impedances of the network. Here rated 
power 𝑃  is accepted 0.3 of the generator rated power 𝑃 . If 
the moment of inertia 𝐽  of the quasi-generator is taken equal to 
that of the generator, then the positive action of the quasi-
generator will be only during a quarter of the period of the 
generator oscillations because during this time, the quasi-
generator accumulates energy from the outside. To increase this 
time, the inertia moment of the quasi-generator should be 
increased, as seen from rows 13, 14 of Table I and from data 
below the expression  (18). 

If the impact on the generator is carried out for a quarter of a 
period in a straight line đPl instead of đPq in the same range 
ĐPl= ĐPq (Fig. 3), the avail factor κ decreases about 1.6 times.  

The same decrease of avail factor is observed if it is 
determined not at the end but in the middle (at cycle 10). 

Quantity 𝑎 which in a cycle i is not absorbed by the 
synchronous machine and goes further into the network is 
inherent in any synchronous machine, not only in quasi-
generator. 
 So not only the quasi-generator attenuates the effect of the 
sudden change in power. Any generator that is located first on 
the path of the disturbance is more affected by this disturbance, 
reducing the effect on the subsequent generator.  

IV. A FEATURE OF GENERATORS 
WITH CLOSE TIME CONSTANTS 

Since the difference in the time constants of different regions 
of the country negatively affects the stability of the power 
system [13], it is natural to assume that the time constants of the 
generators in a power system should be as close as possible. 

Rationale of this can be as follows. If you connect two 
generators with the same time constant 𝐻  and different rated 
power 𝑆  and 𝑆  in parallel, apply power 𝑃 to them and change 
this power by a Δ𝑃, then each of them will take the change in 
power Δ 𝑃  and Δ 𝑃  proportional to their rated power. This 
means that the angles δ of the rotor will change in the same way. 
By analogy, two resistors connected in parallel will take on 
power proportional to their conductance and their temperature 
will change the same if they have the same heating time 
constant. 

This circumstance facilitates the choice of the settings in  
power system, so the same time constants of generators are 
welcome. 

For any object, the relationship (20) between characteristic 
size 𝑙 and mass 𝐺 (through a mass factor 𝑘 ) is obvious while 
maintaining the proportions between all sizes: 

         𝐺 = 𝑘 𝑙 .            (20) 

For transformers, the following relation is valid [23], [24]: 

        𝑆 = 𝑘 𝑙 ,            (21) 

where 𝑘  is the size factor, provided that the entire range of 
transformers is made of the same materials and of the same 
design. 
So characteristic dimension of the second transformer is 

       𝑙 = 𝑙 𝑆 /𝑆  .         (22) 

Presumably, for rotating machines, this ratio is preserved. 
Really, the voltage is proportional to the area of the magnetic 
circuit, and the cross-sectional area of the windings is 
proportional to the current. So the power of the machine is 
proportional to the product of  both areas and therefore, to 𝑙 . 

Below, the expressions (23) of the inertia moment 𝐽  and 𝐽  of 
two generators are written 

        𝐽 = 𝑘 𝑅 𝐺 = 𝑘 𝑅 𝑘 𝑙 ;  𝐽 = 𝑘 𝑅 𝐺 = 𝑘 𝑅 𝑘 𝑙 ,  (23) 

where 𝑘  is  factor in addition to factors  𝑘 , 𝑘 . Radii 𝑅 , 𝑅  
are equivalent ones at which the rotating mass 𝐺 , 𝐺  are 
located. Based on  (2),  (20) … (23), at the equal time constants 
𝐻 we obtain: 

    = 𝑆 /𝑆 ; = =  𝑅 /𝑅 ,  (24) 

wherefrom the radius of generator 2 in comparison with the 
radius of generator 1 looks like this: 

                     𝑅 = 𝑆 /𝑆  𝑅 .          (25) 

This means that for more or less the same time constants of the 
generators, the greater the rated power of the generator the more 
its shape must be compressed in the axial direction. 

V. CONCLUSIONS 

 1. A sudden power change affects the angles of synchronous 
machines several times stronger than a sloping change in power 
of the same length and final value. 
 2. In order to effectively combat the negative impact of non-
inertial renewable energy sources, it is advisable to install 
rotating synchronous machines (quasi-generators) or synthetic 
sources of inertia directly at the site where disturbance appears. 
 3. The rated power of the quasi-generator should be less than 
that of protected generator and be closer to the value of the 
power abrupt change in disturbance place  but the moment of 
inertia should be greater than that of the generator. 
 The efficiency of the quasi-generator increases with 
increasing its losses from oscilations. 
 4. In order for the time constants of the generators to be less 
different, the dimensions of the machines of greater power must 
be tighter in the axial direction. 
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